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6 ON SHOCK WAVES IN MODELS
WITH V-SHAPED POTENTIALS
∗
Paweª Klimas
M. Smoluhowski Institute of Physis, Jagellonian University
Reymonta 4, 30-059 Craow, Poland
The reently found shok wave solution in the salar eld model with
the eld potential V (φ) = |φ| is generalized to the ase V (φ) = |φ| − 1
2
λφ2.
We nd two kinds of the shok waves, whih are analogous of ompression
and expansion waves. The dependene of the waves on the parameter λ is
investigated in detail.
PACS numbers: 03.50 Kk, 05.45.-a, 11.10.Lm
1. Introdution
Interesting and still poorly studied group of eld-theoreti models are
these with V-shaped potentials. Physial systems with just few degrees of
freedom and V-shaped potential are studied quite frequently. There are nu-
merous results for systems suh as e.g. bouning osillators. These systems
are mainly studied in ontext of haotial behaviour and grazing bifuration
[1-7℄. The V-shaped potentials appear in researh of plasma physis [8℄. Fur-
thermore, they an play an important role in pinning phenomena whih an
desribe a proess of vorties attahing to lines of impurities [9,10℄. Apart
from the appliations, they are also very interesting on purely theoretial
grounds beause of sale invariane of vauum setor, [11℄.
There are only few analytial results for the eld-theoreti models with
V-shaped potentials. An example of suh model, whih originally derives
from a mehanial system, has been proposed in [12℄. The model onsidered
there is obtained as a ontinuum limit of the system of oupled pendulums
that are allowed to take the angular positions belonging to the interval [−φ0,
φ0℄. This leads to appearane of a V-shaped potential, and onsequently to
nontrivial dynamis of the system. The angle φ = 0 orresponds to the
pendulum in upward vertial position. A simpler model has been proposed
∗
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in [11℄. It derives from oupled system of bouning balls. The potential in
that model has the form V (φ) = |φ|. It an be regarded as a limit ase of a
large group of V-shaped symmetri potentials.
In the present paper we onsider the lassial salar eld model with the
potential V (φ) = |φ|− 1
2
λφ2, where λ is a real onstant. Suh potentials with
λ 6= 0 naturally appear in the ase of system of oupled pendulums [12℄, as
well as in the system of bouning oupled balls obtained from system studied
in [11℄ by adding new ouplings, see Fig.2. Speially, we investigate shok
wave solutions.
1
In the partiular ase of λ = 0 they have been disussed in
[13℄.
The eld-theoreti model with the potential |φ| has speial symmetry.
If φ(x, t) is solution of equation of motion, then ν2φ(xν ,
t
ν ), where ν is a
positive onstant, obeys this equation as well, see [13℄. This symmetry is
"on shell" type beause the ation funtional is not invariant with respet to
the saling transformation. In general, in real physial system, apart from
term |φ|, the V-shaped potential has also another terms. A squared term is
an example of the simplest perturbation that breaks the saling symmetry.
Investigation of eets of suh perturbation is a very important issue.
Our paper is organized as follows. In Se.2 we show onnetions between
the model and physial systems. Next setion ontains analysis of solutions
that have the properties of expansion shok waves. In Se.4 we investigate
symmetri ompression shok waves. Se.5 summarizes the paper.
2. The modied model and related physial systems
2.1. General denition
Let us onsider the model of a real salar eld φ in one dimension. The
Lagrangian has the form
L =
1
2
(∂tφ)
2 −
1
2
(∂xφ)
2 − V (φ), (1)
where φ = φ(x, t) depends on resaled position x and time t whih are
dimensionless. The potential has the form
V (φ) = |φ| −
1
2
λφ2. (2)
1
In this and previous papers we use terminology " shok wave " so as to name disonti-
nuity that moves. There is a riterion in theory of hydrodynamis that distinguishes
between shok waves and dierent kinds of disontinuities as e.g ontat disontinu-
ity, tangential disontinuity et, see e.g. [15℄. Our system is learly dierent from
e.g. gas medium and the riterion an not be applied diretly. Every hoie of name
for disontinuity in model onsidered here an merely reet some kind of analogy
between the disontinuity we desribe and hydrodynamial disontinuity that has
this name. For this reason we shall remain at the name " shok wave " and disard
looking for a better term.
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The evolution equation whih orresponds to Lagrangian (1) has the form
(∂2t − ∂
2
x)φ+ sign(φ) − λφ = 0. (3)
Beause of sign funtion equation (3) is learly nonlinear one. We assume
that sign(0) = 0. There are three qualitatively dierent ases: λ > 0, λ < 0,
and λ = 0 when we have the anonial model onsidered in [11,13℄.
2.2. Positive values of λ
Let us start from the ase λ > 0. It is onvenient to set λ = ρ2. The
equation of motion for this ase takes the form
(∂2t − ∂
2
x)φ+ sign(φ)− ρ
2φ = 0. (4)
The potential has one loal minimum at φ = 0 and two loal maxima at
Fig. 1. The potential V (φ) (λ > 0) and its limit for λ = 0.
φ = ± 1ρ2 , see Fig.1. It is not dierentiable at its minimum (right-hand side
and left-hand side derivatives are not equal at this point). Equation (4) an
be obtained from equation of motion whih desribes a small perturbation
around the ground state in the model onsidered in [12℄. Physial values of
perturbation are given by |φ|.
2.3. Negative values of λ
It turns out that the model for λ < 0 has also a physial meaning. Phys-
ial system whih is related to this model an be obtained from the system
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onsidered in [11℄ by adding new springs that link every ball with the oor,
see Fig.2. In this system every ball an move only in vertial diretion. There
ϕ
Fig. 2. The system of bouning balls.
is a rigid oor at φ = 0 and every ball bounes elastially from the oor.
After taking few standard steps (ontinuous limit, folding transformation)
we get the system whih dynamis is desribed by the equation
(∂2t − ∂
2
x)φ+ sign(φ) + σ
2φ = 0, (5)
where −∞ < φ <∞ whereas physial position of the balls are given by |φ|.
As above, we have set λ = −σ2. The potential Fig.3 has one minimum and
no loal maxima.
Fig. 3. The potential V (φ) (λ < 0) and its limit for λ = 0.
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2.4. On regularized potentials
In our model at φ = 0 rst derivative of the potential does not exist at all.
It is possible to replae the sharp potential by a regularized potential where
instead of |φ| we use e.g.
√
φ2 + ε2 or ε ln cosh φε , what gives well dened rst
derivative at φ = 0. We are not interested in regularized potential in this
paper beause physial systems that we onsider here give rather sharp than
regularized potential. Another reason is that for the regularized potential
only solutions suh that |φ| ≫ ε an survive the limit ε → 0. Finding any
suh solution of the equation (3) with the regularized potential seems to be
a very diult task.
3. Symmetri shok waves inside the light one
3.1. The Ansatz
Equation (3) inludes term with derivatives in the form of d'Alembert
operator so it an be redued to an ordinary dierential equation by assump-
tion φ(x, t) = W (z), where z = (x2 − t2)/4.
There are two qualitatively dierent ases (z < 0 and z > 0) for the
anonial model (λ = 0). When z < 0 the piees of solution an be ombined
together in one solution. In opposite ase whole solution an be either posi-
tive or negative and it is not limited respetively from above or from below.
It is physially reasonable to get rid of unstable solutions. It an be simply
done by modiation our Ansatz to the following one φ(x, t) = Θ(−z)W (z),
where Θ(−z) is well known Heaviside step funtion. This modiation in-
trodues disontinuities at x = ±t.
In the modied model, espeially for λ > 0 there are solutions for z > 0
that are limited both from above and from below so this time we an not
simply get rid of them. In further part of our work we analyze solutions for
z < 0 and z > 0 separately beause the solution inside the light one is om-
pletely independent of the solution outside it. It is exeuted by assumptions
φ(x, t) = Θ(−z)W (z) and φ(x, t) = Θ(z)W (z).
Apart from possibility of redution equation (3) to an ordinary dier-
ential equation, an important question is whether disontinuities in our
model an move with veloity v 6= 1 or not. To answer it let us onsider
φ(x, t) = Θ(−z)W (z), where z = pq, p = (x − vt)/2, q = (x + vt)/2 and
v 6= 0. Equation (3) takes the form
Θ(−z)
[
A(p, q)W ′′ −
1
2
(v2 + 1)(zW ′′ +W ′) + sign(W )− λW
]
+
−2δ(z)A(p, q)W ′(z)− δ′(z)A(p, q)W (z) = 0,
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where
A(p, q) =
1
4
(v2 − 1)(p2 + q2),
and
′ = ddz . The terms proportional to Θ(−z), δ(z) and δ
′(z) have to vanish
independently. At z = 0 and v 6= 1, W (0) = 0 and W ′(0) = 0 beause
A(p, q) 6= 0. It means that φ(x, t) an not be disontinuous funtion unless
v = 1. We an see that veloity v = 1 is distinguished by the model and it
is the only admissible veloity with whih disontinuities an move.
3.2. Equations of motion
Let us onsider the Ansatz
φ(x, t) = Θ(−z)W (z), where z =
1
4
(x2 − t2). (6)
Applying Ansatz (6) to equation (3) we get the following dierential equation
zW ′′ +W ′ − sign(W ) + λW = 0. (7)
Let us introdue a new variable y whih is related to z in the following way
z = −
1
4
y2. (8)
Consequently, equation (7) aquires more familiar form
G′′ +
1
y
G′ − ρ2G = −sign(G), λ > 0 (9)
or
F ′′ +
1
y
F ′ + σ2F = −sign(F ), λ < 0. (10)
Equations (9) and (10) are Bessel equations with the signum nonlinearity.
We have denoted W (−1
4
y2) = G(y) for positive values of λ and W (−1
4
y2) =
F (y) for opposite ase.
3.3. Solutions for λ > 0
The term sign(G) is onstant (equal ±1) on the intervals where sign of
G(y) is onstant. Equation (9) has the solutions:
G+(y) =
1
ρ2
− αI0(ρy)− βK0(ρy) for G(y) > 0,
G−(y) = −
1
ρ2
+ α˜I0(ρy) + β˜K0(ρy) for G(y) < 0,
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where α, β, α˜, β˜ are arbitrary onstants. We will nd these oeients
mathing piees of solution so as to obtain a solution that is valid on full
available range of y. Physially, only real solutions are interesting so only
y ≥ 0 is onsidered. It is onvenient to introdue the oeients αk and βk
and ombine all the solutions in one formula
Gk(y) = (−1)
k
(
1
ρ2
− αkI0(ρy)− βkK0(ρy)
)
, (11)
where k = 0, 1, 2, . . .. We assume that G0(y), that is G+ type, starts from
y = 0. It does not ause loosing of generality beause physially relevant
quantity is |φ|, thus ase where G−(y) plays role of solution that start from
y = 0 does not have to be extra disussed. For G0(y) the oeient β0 has
to vanish to ensure regularity at y = 0. The oeient α0 an be expressed
with help of G0(0), and then G0(y) takes the form
G0(y) =
1
ρ2
−
(
1
ρ2
−G0(0)
)
I0(ρy). (12)
For xed ρ there are three qualitatively dierent ases depending on G0(0).
Fig. 4. The unstable symmetri shok wave at t=2.
Fig. 5. The unstable symmetri shok wave at t=5.
Fig. 6. The unstable symmetri shok wave at t=12.
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For G0(0) >
1
ρ2
the solution G0(y)→∞ for y →∞ (unstable solution).
In this ase solution G0(y) over whole range y ≥ 0. The shape of the shok
wave for ρ = 0.5 and G0(0) = 6.0 at dierent times is shown in Figs.4-6.
In the ase G0(0) =
1
ρ2
we obtain the shok wave
φ(x, t) =
1
ρ2
Θ(t2 − x2).
For this wave, values of the eld behind the wave front are onstant and
equal 1/ρ2.
Last aseG0(0) <
1
ρ2 is more ompliated but it is muh more interesting.
The solution G0(y) holds only on the interval 0 ≤ y < b0, where G0(y) > 0.
For xed G0(0), the rst zero of G(y) i.e. b0 is determined by solution of
following equation
I0(ρb0) =
1
1−G0(0)ρ2
.
Unfortunately, it an be solved only numerially. It is lear that b0 depends
on ρ. For given b0 rst piee of solution G(y) takes the form
G0(y) =
1
ρ2
[
1−
I0(ρy)
I0(ρb0)
]
. (13)
We are interested in a solution for all nonnegative values of y. Having piees
of solution (11) and mathing onditions
Gk(bk−1) = 0, G
′
k(bk−1) = G
′
k−1(bk−1), (14)
whih are implied by equation (9) we an alulate oeients αk and βk.
First mathing ondition allows to eliminate oeients βk. Solution (11)
takes the form
Gk(y) = (−1)
k
[
1
ρ2
(
1−
K0(ρy)
K0(ρbk−1)
)
− αkI0(ρbk−1)
(
I0(ρy)
I0(ρbk−1)
−
K0(ρy)
K0(ρbk−1)
)]
. (15)
The zeros bk for k = 1, 2, . . . ome from the equation Gk(bk) = 0. Like for
k = 0 we an get them numerially. The seond ondition in (14) gives
oeients αk:
α1 =
1
ρ2I0(ρb0)
K(b0, b0)− ρ
2α0I1(ρb0)
I(b0, b0) +K(b0, b0)
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αk =
1
ρ2I0(ρbk−1)
[
A− ρ2I0(ρbk−2)B
]
,
where
A ≡
K(bk−1, bk−2) +K(bk−1, bk−1)
I(bk−1, bk−1) +K(bk−1, bk−1)
,
B ≡
I(bk−1, bk−2) +K(bk−1, bk−2)
I(bk−1, bk−1) +K(bk−1, bk−1)
.
and k = 2, 3, . . .. We have introdued the speial notation
I(x, y) ≡
I1(ρx)
I0(ρy)
, K(x, y) ≡
K1(ρx)
K0(ρy)
.
Fig. 7. The solutions G(y) for xed G0(0) = 0.5 and dierent values of ρ. The urve
A orrespond to ρ = 0.1, B to ρ = 0.5 and urve C is the solution for ρ = 1.4. For
xed G0(0) the parameter ρ belongs to the interval 0 < ρ < 1/
√
G0(0).
The zeros of G(y) depend on ρ - they are larger for larger values of ρ, Fig.7.
For xed G0(0) and ρ→ G0(0)
−1/2
rst zero b0 →∞ and, of ourse, bk →∞
(b0 < b1 < b2 < . . .). All the zeros bk are larger than their ounterparts ak in
the anonial model. It means that zeros xk = ±
(
t2 − b2k
)1/2
in the modied
model run faster than xck = ±
(
t2 − a2k
)1/2
in the anonial model. A pair of
zeros xk appears at t = bk and moves with veloities vk = ±
(
1− b2k/t
2
)−1/2
.
In Fig.8-10 we present three snapshots whih show the symmetri shok
wave for G0(0) <
1
ρ2 .
3.4. Solutions for λ < 0
This setion is devoted to presentation of solutions orrespond to equa-
tion (10). Many steps are the same so we sometimes skip the omments.
Let us start from the solution of (10) given in the form
Fk(y) = (−1)
k
(
µkJ0(σy) + νkY0(σy)−
1
σ2
)
, (16)
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Fig. 8. The symmetri shok wave for ρ = 0.5, G0(0) = 0.5 at t=0.5.
Fig. 9. The symmetri shok wave for ρ = 0.5, G0(0) = 0.5 at t=1.6.
Fig. 10. The symmetri shok wave for ρ = 0.5, G0(0) = 0.5 at t=4.7.
where J0 and Y0 are Bessel funtions. They take real values for y ≥ 0. Fk(y)
are positive for k = 0, 2, 4, . . . and negative for k = 1, 3, 5, . . .. We assume
that F0(y) starts from y = 0. This time, for given σ there is no qualitatively
hange in behaviour of solution for dierent F0(0). F0(y) an be expressed
in the form
F0(y) =
(
F0(0) +
1
σ2
)
J0(σy)−
1
σ2
. (17)
The rst zero c0 is alulated from the equation F0(c0) = 0. We an rewrite
F0(y) using c0
F0(y) =
1
σ2
[
J0(σy)
J0(σc0)
− 1
]
. (18)
In order to have solution for whole range y ≥ 0 we have to alulate µk and
νk. We use the mathing onditions
Fk(ck−1) = 0, F
′
k(ck−1) = F
′
k−1(ck−1). (19)
For k = 1, 2, . . .
Fk(y) = (−1)
k+1
[
1
σ2
(
1−
Y0(σy)
Y0(σck−1)
)
−
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− µkJ0(σck−1)
(
J0(σy)
J0(σck−1)
−
Y0(σy)
Y0(σck−1)
)]
. (20)
The oeients νk have been eliminated by using rst ondition in (19).
The zeros ck full the equation Fk(ck) = 0. Seond ondition in (19) gives
oeients µk
µ1 = −
1
σ2J0(σc0)
Y(c0, c0) + µ
2µ0J1(ρc0)
J (c0, c0)− Y(c0, c0)
µk = −
1
σ2J0(σck−1)
[
A˜+ σ2J0(σck−2)B˜
]
,
where k = 2, 3, . . . and
A˜ ≡
Y(ck−1, ck−2) + Y(ck−1, ck−1)
J (ck−1, ck−1)− Y(ck−1, ck−1)
B˜ ≡
J (ck−1, ck−2)− Y(ck−1, ck−2)
J (ck−1, ck−1)− Y(ck−1, ck−1)
.
By analogy, the funtions J and Y are dened by formulas
J (x, y) ≡
J1(σx)
J0(σy)
, Y(x, y) ≡
Y1(σx)
Y0(σy)
.
Having µk we an nd onseutive zero ck as the solution of the equation
Fk(ck) = 0. Fig.11 presents solutions F (y) for F0(0) that is set and dierent
values of σ. The zeros ck are smaller than in the anonial model so zeros
Fig. 11. The solutions F (y) for xed F0(0) = 0.5 and dierent values of σ. The
urve A orrespond to σ = 0.1, B to σ = 0.5 and urve C to σ = 2.0.
xk = ±(1−c
2
k/t
2)1/2 move slower than zeros xck. They are getting smaller for
σ being inreased. The shape of |φ| qualitatively resembles that presented
in Fig.8-10.
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3.5. Divergene of sequenes bk and ck
An interesting problem is if the sequene of bk (or ck) is divergent or not.
Unfortunately, we an not show a proof of divergene these sequenes (only
a numerial evidene) beause expliit expressions for bk (ck) are not known
- we have got them only as a result of numerial omputations. To see it,
we introdue
bn = b0x1x2 · . . . · xn, where xk =
bk
bk−1
.
Let us say that for n→∞ the sequene of bn is divergent bn →∞. It also
means that the sequene of ln bn is divergent and sum of these logarithms
Sn =
n∑
i=1
lnxi
as well. We apply Kummer riterion so as to hek if the series is divergent
[16℄. In our omputation the omparative sequene qn = n lnn has been
used. It has been heked up to n = 700 that
Kn = qn
bn
bn+1
− qn+1
are negative and monotonially derease, see Fig.12. Kummer riterion says
Fig. 12. Behaviour of Kn for sequene bn.
that series is divergent if for all n > N , values of Kn ≤ 0, where N is a xed
number. It suggests that solution G(y) overs whole y ≥ 0. It has been
heked that also the sequene of cn is probably divergent.
3.6. The orrespondene between the modied and the anonial model
The potential V (φ) = |φ| is the limit ase of the modied one for λ→ 0.
We are interested in limit λ→ 0 for the solutions in the modied model. It
is not a priori lear that these limit solutions have to be solutions that are
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known from the anonial model. We are able to do an analytial omputa-
tion for rst two piees of solution i.e. G0 and G1 (or F0 and F1). Let us
remind that two rst piees of solution W c(z) for the anonial model have
the form
W c−1(z) = z + a0, W
c
0 (z) = −
(
z + a0 + 2a0 ln
|z|
a0
)
, (21)
where −a0 is the rst zero (for variable z). For more detail see [6℄. Let us
denote W+
−1(z) ≡ G0(y(z)) and W
+
0 (z) ≡ G1(y(z)) (by analogy W
−
−1(z) ≡
F0(y(z)) and W
−
0 (z) ≡ F1(y(z))). We also rename ρ+ ≡ ρ and ρ− ≡ σ. We
are interested in omparison of the anonial and the modied solution for
ρ± → 0. In this limit the ondition W
c
−1(0) = W
±
−1(0) an be replaed by
a0 = a
±
0 , where a
+
0 = b
2
0/4 and a
−
0 = c
2
0/4. The solution W
±
−1 and W
±
0 an
be expanded in the Taylor series what gives
W±
−1(z) = z + a0 ∓ Cρ
2
± +O(ρ
4
±), (22)
W±0 (z) = −
(
z + a0 + 2a0 ln
|z|
a0
)
∓Dρ2± +O(ρ
4
±), (23)
where
C ≡
z2
4
+ a0z +
3
4
a20,
D ≡ (a20 − 2a0z) ln
|z|
a0
−
z2
4
+ 3a0z +
13
4
a20.
The leading terms in (22) and (23) do not depend on ρ± so they are limits
of these solutions for ρ± → 0. The most important thing is that these limits
are exatly equal to the rst two solutions W c−1 and W
c
0 in the anonial
model. The orrespondene between the other solutions W±k an be heked
numerially. We an see that the smaller values of k we take, the better
orrespondene is.
4. Symmetri shok waves outside the light one
4.1. Equations of motion
The solutions outside the light one an be obtained with help of the
Ansatz
φ(x, t) = Θ(z)W (z), where z =
1
4
(x2 − t2). (24)
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If we now introdue z = 1
4
y2 we get
g′′ +
1
y
g′ + ρ2g = sign(g), (25)
f ′′ +
1
y
f ′ − σ2f = sign(f), (26)
where g(y) = W (z(y)) for λ > 0 and f(y) = W (z(y)) for λ < 0.
4.2. Case λ > 0
It is onvenient, for our further analysis of solutions, to assoiate the
potential U(g) with equation (25). We an easily see that U(g) = 1
2
ρ2g2−|g|,
see Fig.13.
Fig. 13. The potential U(g).
The solution of (25) takes the form
gk(y) = (−1)
k
(
1
ρ2
− µkJ0(ρy)− νkY0(ρy)
)
, (27)
where gk > 0 for k = 0, 2, 4, . . . and gk < 0 otherwise. As above, we have to
set ν0 = 0 so as to have g0(y) regular at y = 0. If g0(0) is given then
g0(y) =
1
ρ2
−
(
1
ρ2
− g0(0)
)
J0(ρy). (28)
In Fig.14 we present a few urves (28) for dierent values of g0(0). There
are several qualitatively dierent ases.
Case g0(0) = 0 orresponds to solution that starts from the point where
U(g) has its loal maximum. We have hosen positive solution but for
g0(0) = 0, negative solution is possible as well. We an get these solutions
by replaing (−1)k in (27) with (−1)k+1 and assuming that g0(y) starts from
y = 0. We will not disuss this situation separately beause |φ| is physial
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Fig. 14. The urves g0(y) for dierent g0(0) and ρ = 0.5. They are solution for full
range y ≥ 0 exept those whih start from g0(0) = 14 and g0(0) = 16.
quantity. It is worth mentioning that this solution is not exatly shok type
beause there is not sharp front wave.
For 0 < g0(0) < g
crit
0 , where
gcrit0 =
1
ρ2
(
1−
1
J0(j11)
)
the solutions g0(y) are valid for all y ≥ 0. j
1
1 is the rst zero of J1, (j
0
1 = 0).
Approximately, ρ2gcrit0 = 3.482872. This ase ontains the onstant solution
g0(y) =
1
ρ2 .
For ritial value of g0(0) = g
crit
0 the rst zero of g(y) appears. The
solution an take either of forms: the solution
g0(y) =
1
ρ2
(
1−
J0(ρy)
J0(j11 )
)
(29)
for all y ≥ 0 or g0(y) given by (29) for 0 ≤ y ≤ j
1
1/ρ and g1(y) = −g0(y) for
y ≥ j11/ρ.
If g0(y) is a little bit bigger than g
crit
0 the solution is made up of g0(y)
and g1(y) but this time j
1
1 in (29) is replaed with ρc0 and g1(y) ontains also
funtion Y0(ρy), see Fig.15. This piture is valid until g0(0) reah onseu-
tive ritial value gcrit20 (unfortunately, we are not able to give appropriate
analytial formula - only numerial value of gcrit2 is available).
Therefore, for g0(0) = g
crit2
0 situation resembles that for g0(0) = g
crit
0
but this time two zeros c0 and c1 already exist.
For values of g0(0) a little bit more than g
crit2
0 solution looks like it was
shown in Fig.16. For greater values of g0(0) more zeros ck appear, see Fig.17.
An important issue is that for nite g0(0), maximal value of k is always a
nite number. For these solutions, asymptoti values of g(y) for y → ∞
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Fig. 15. The solution g(y) that has only one zero.
Fig. 16. The solution g(y) with two zeros.
Fig. 17. The solution g(y) with six zeros.
i.e. ±1/ρ2 orrespond to the minima of the potential U(g). We have not
disussed yet the formulas for oeients µk and νk in (27). Fortunately,
they have the same form as analogial oeients in equation (16) - only σ
has to be replaed with ρ.
4.3. Case λ < 0
The potential U(f) for equation (26) takes the form U(f) = −1
2
σ2f2−|f |
what suggests unstable behaviour of f(y). The solutions of (26) an be
written down in the form
f+(y) = αI0(ρy) + βK0(ρy)−
1
σ2
for f(y) > 0,
f−(y) = −α˜I0(ρy)− β˜K0(ρy) +
1
σ2
for f(y) < 0.
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Let us onsider f(y) > 0. By analogy to our previous analysis we will denote
it as f0(y). For given f0(0) it takes the form
f0(y) =
(
1
σ2
+ f0(0)
)
I0(σy)−
1
σ2
, (30)
where β = 0. There are ve suh solutions in Fig.18. The solution f0(y)
overs whole range y ≥ 0. We have an analogial situation for a negative
solution. The border solution (f0(0) = 0) is, of ourse, a non-shok type.
Fig. 18. The solutions f0(y) for dierent (positive) values of f0(0).
5. Summary
We have presented the shok wave solutions in the model with the po-
tential V (φ) = |φ|− 1
2
λφ2, where λ is a real onstant. The square term plays
the role of perturbation of the potential V (φ) = |φ|. The potential |φ| plays
a speial role beause the orresponding equation of motion has the saling
symmetry. The square term is the simplest one that breaks this symmetry.
It has been shown that both ases with nonzero values of λ (λ > 0 and
λ < 0) have physial appliations - appropriate potentials appear in the
system of oupled bouning pendulums or bouning balls.
Two kinds of waves have been found. The rst one is exatly zero outside
the light one and has two wavefronts (the eld is non-ontinuous at them)
exatly at the surfae of the light one. Depending on G0(0) the solution
inside the light one is unstable, onstant, or has isolated zeros. We have
found that these zeros run faster (λ > 0) or slower (λ < 0) than their
ounterpart in the anonial model (λ = 0). It has been also argued (by
showing the numerial evidene) that zeros of solution, that depends on
variable y, form probably divergent sequene. Moreover, we have shown
(analytially in the ase of rst two piees of solution) that shok waves
inside the light one for the modied model in the limit λ → 0 redue to
solutions known from the anonial model.
The seond type of solution has also wavefronts at x = ±t. This solution
takes zero values inside the light one. There is family of solutions that
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asymptotially (y → ∞) reah values ±1/ρ2. At the points g = ±1/ρ2 the
potential U(g) (Fig.13) has the loal minima (or V (φ) has its loal maxima,
Fig.1). Among solutions that belong to this family, there are solutions that
have no zeros, have only one zero, exatly two zeros et. In ontrast to
the shok waves inside the light one that have innite number of zeros,
solutions onsidered here have always nite number of zeros. There is also
non-shok type solution - it has only one zero at the surfae of light one.
It an be regarded as the border ase of solutions belonging to this family.
We have also found another family of solutions that have no zeros and grow
to innity for y → 0.
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